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Abstract 

We are interested in finding a family of solutions to a singularly 
perturbed biharmonic equation which has a concentration behavior. The 
proof is based on variational methods and it is used a weak version of the 
Ambrosetti-Rabinowitz condition. 
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1 Introduction 

This paper was motivated by some results for the following class of semilinear 
elliptic equations 

f e 2 Au + V(x)u = f(u), mR N , 
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This problem has recently been extensively studied, see for example [3] [5] [51 
[3 HI [TUJ [Ml [15] and the references therein. The existence and concentration 
of spike-layered solutions was first studied by Flocr and Wcinstcin in [5] in 
the one dimensional case. Later, Oh in [9] and [10] extended this result to 
higher dimensions considering a larger class of nonlinearities. These results 
have inspired Rabinowitz in [T3] to deal with this class of problems, considering 
the so called Rabinowitz condition under the potential V, 

< V := inf V < liminf V(x) =: V^. 

1" |a;|-K» 

In [14], it is used a mountain-pass type argument to show the existence of a 
ground-state solution to (|l.lj) where e = 1. In [15], Wang proves that the 
maximum points of the solutions obtained in |14j converge to a global minimum 
point of V as e — > 0, characterizing the concentration behavior of this family of 
solutions. In [5], del Pino and Felmer developed a method to obtain a family 
of solutions concentrating around a local minimum point of V . In [7], Jeanjcan 
and Tanaka proved the same result obtained in [5] , but with the nonlincarity / 
satisfying weaker assumptions. More specifically, they considered the case where 
/ neither satisfies the monotonicity condition on the function s i-> f(s)/s, nor 
the so called Ambrosetti-Rabinowitz condition 

(AR) < fiF(s) < f(s)s, for all s ^ and for some \i > 2. 

The purpose of this paper is to provide similar results to the following 
biharmonic Schrddinger elliptic equation 

e i A 2 u + V(x)u = /(it), inl", 



n, ' (1-2) 



The nonlincarity / will be assumed to satisfy a weaker supcrlincarity condition 
than (AR). More specifically, we assume the following conditions on / and V: 



(Vi) V e C°(R N ) r\L°°(R N ). 

(V 2 ) < V := inf V < liminf V(x) =: V^. 

R™ \x\-too 

(h) /eC'(M). 
(/ 2 ) /(0) = f'(o) = o. 

(/3) There exist ci,c 2 > and p £ (1,2* — 1) such that \f(s)\ < a\s\ + c 2 |s| p 
for all s £ M, where 2* = 2N/(N - 4). 

(fi) lim = +oo, where F(s) = f' f(t)dt. 

Us) 

(fs) is increasing for s > and decreasing for s < 0. 
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Remark 1.1. The conditions (f%) ad (/s) imply that 

H(s) := f(s)s - 2F(s) > 0, F(s) > 0, and s/(s) > 0, Vs^O. 
Our main result is the following. 

Theorem 1.1. Assume that conditions (V\), (V2) and (/1) — (/.j) /10/d. TTien 
/or each sequence e n — > 0, along a subsequence, there exists a nontrivial weak 
solution u n of ll.2\) (with e = e n ). Moreover, if x n is the maximum point of 
\u n \, then 

lim V(x n ) = MV. 

In [IT] , we establish the same conclusion of Theorem 11.11 in the case of the 
potential V satisfies a local condition given by del Pino and Felmer in [5]. 

Although so many of our arguments were inspired in the works mentioned 
above, it is worth pointing out that some of them have to be deeply modified 
because of some difficulties that the lack a general maximum principle to the 
biharmonic operator gives rise. For instance, in [15j Wang uses a Harnack type 
inequality to prove the uniform decay of some translations of solutions that we 
were not able to find to biharmonic subsolutions. Hence, we use an L°° estimate 
from Ramos |13| and an L p estimate from Agmon [JJ in order to prove the same 
result to the fourth-order operator. Some arguments about compactness in 
Nehari manifolds found in [2] seems to be useful in this argument too. Finally, 
the lack of a standard form of the Ambrosetti-Rabinowitz condition in our work 
represents some difficulty to prove that the (PS) sequences are bounded, which 
required some arguments of Miyagaki and Souto in jT^] and also represents 
a difficulty to prove that the Nehari manifold is homeomorphic to the unitary 
sphere in H 2 (M. N ). This last problem can be dropped out using some arguments 
of Weth and Szulkin in [16] . 

This paper is organized as follows. In the second section, we use some 
arguments of [14] to prove the existence of a family of solutions to (|1.2j) . The 
third section is devoted to prove that this family has a concentration behavior. 

2 Existence 

In main result this section is the following: 

Theorem 2.1. Let assumptions (Vi), (V2) and (f\) — (f§) hold. Then there 
exists cq > such that problem has a nontrivial weak solution u e provided 

that e < €q. 

We observe that (|1.2|) is equivalent to the problem 
f A 2 v + V(ex)v = f(v), mR N , 

{ ueH 2 (R N ), [ZA) 
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and the equivalence among the solutions u e of (|1.2p and v c of (|2.ip is given by 
u e (ex) = v e (x). 

In order to use variational methods, lwe consider the Sobolev space H 2/ 
endowed with the inner product 

(u, v) e = / (AuAv + V(ex)uv) dx, 
Jr n 

which gives rise to the following norm 

1/2 



(|Ait| 2 + V(ex)u 2 ) dx 

From now on we denote by E t = (H 2 (M. N ), (-, ■} e \. We consider the functional 
I e defined on E e by 

h(u) = \ [ {\Au\ 2 + V(ex)u 2 ) dx - [ F(u)dx, 
where F(s) = f* f(t)dt. The functional I e £ C 1 (E e ,R N ) and 

I' e (u)v = / (AuAv + V(ex)uv) dx — I f(u)vdx, 



for all u,v S E e . Hence, critical points of I e are weak solutions of (12. ip . 

Our first lemma provides conditions under which I e satisfies the geometric 
hypotheses of the Mountain Pass Theorem. 

Lemma 2.1. Assume that conditions (^2) — (A) hold. Then, for each e > 
there exist p, r > and ip G E e with \\<p\\ e > r, such that 

i) Ie(u) > p for all \\u\\ e = r; 

a) E((p) < 0. 

Proof. Using (fy) and (^3) and the Sobolev embecding, we can prove that for 
all 77 > 0, there exists a constant C(rf) > such that 



\F(u)\dx< V \\u\\l + C(ri)\\u\\^\ 

Hence, by choosing r\ G (0, 1/2), there exists a small r > in such a way that 

h(u) > p > 0, for all ||m|| £ = r, 

where p = [(1/2 - n) - C(r/)r p_1 ]r 2 . This establishes i). 

In order to prove ii), fix ip G Cq°(R jv ) with ip > 0. By (fi), for every 
M > H^llg/211^11^2, there exists a constant Co > such that 

F(s) > A/|.s| 2 - c , for all s G R. 
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Then, 



hit?) = ~\\<p\\l- I F(tcp)dx 
1 Js. N 



t 2 f 
< -wh\\l-t 2 M / \ip\ 2 dx + c \supp(<p)\ 

= i 2 fML-il// \ V \ 2 dx) +c \supp&)\. 

V 1 JR N J 

Therefore, I e (tu) — > — oo as t — > +oo and the proof is complete. □ 
As a consequence of Lemma l2.H for every e > 0, there corresponds a minimax 
value associated with f|2 . 1 [) and given by 

c £ = inf sup I e (g(t)), (2.2) 
ser c o<t<i 

where 

r e = {g e C([0, l],E e ); g(0) = e I e (g(l)) < 0} . 
In order to get least energy solutions for (|2.1|) . consider the Nehari manifold 

M e = {u G E e \{0}; l' e (u)u = 0}. (2.3) 

Unlike in [14] , when / does not satisfies the Ambrosctti-Rabinowitz condition 
things become much more difficult to prove that J\f e is homeomorphic to the 
unitary sphere in E e . However, following some arguments found in |16j . we can 
show that J\f e is homeomorphic to the unitary sphere using the superlinearity 
condition (fa). Hence, similar analysis to that in [T3] shows that 

c f = inf maxlJtu) = inf L(u) 
«es e \{o} *>o ueAT, 

and Af e = {tp e (u)u; u e i? e \{0}}, where <p e (u) > is such that I e (ip e (u)u) 
max. . ■ I e (tu). Hence, every solution in the level c e is a least energy solution. 

We now use some arguments of Jeanjean and Tanaka in [7] and Miyagaki 
and Souto in [12] to prove that the Palais-Smale sequences of I t are bounded. 

Lemma 2.2. If (v n ) is a (PS) C sequence for I e , then (v n ) is bounded in E e . 

Proof. Suppose by contradiction that ||wn|| e — > oo as n ~ > oo. Let us define 



Kile 

We claim that one of the two statements holds: 

i) w n ->■ in L r (R N ), for all 2 < r < 2,. 

ii) There exist (y n ) C M. N and constants R, f3 > such that 

liminf / w^dx > /?. 
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Indeed, suppose that ii) does not hold. Then for all R > 0, 

sup / w^dx — > 0, as n — > oo. 
y m N Jb r ( v ) 

Once (w n ) is bounded in L 2 (H N ) and (Vu>„) is bounded in L 2 (R w ), where 
2* = 2iV/(7V - 2), Lions Lemma g] implies that w n -> in L r (R 7V ), for all 
2 < r < N2*/(N - 2*) = 2*. Hence (%) is proved to hold, and the claim is 
verified. 

Suppose that i) holds. By (/2), (/a) and i), for all n > 0, 

lim / F(^w n )dx = 0. (2.4) 

Set s n € [0, 1] such that 

h(s n v n ) = max I e (tv n ). 

tG[0,l] 

For every /i > and n sufficiently large, we have 

I e (s n v n ) > ie ( I, —r, v n ) = — — / F(fiw n )dx. (2.5) 

VIKIIe / 2 ii" 

By (1221) and ^23J it follows that 

liminf I e (s n v n ) > — , for all /i > 0. 

Hence 

liminf I c (s n v n ) = +oo. (2-6) 

Since / e (0) = and I t {v n ) -4 c as in oo, we have s„ £ (0,1) for every n 
sufficiently large. Therefore, I' e (s n v n )s n v n = 0. By Remark ll.H for all t e [0, 1], 
it follows that 

2I e (tv n ) < 2I e (s n v n ) - I' e (s n v n )s n v n < 2I e (v n ) + o„(l) < C\ + o„(l). 

Given any Rq > 0, there exists no > such that -Ro/H^nlle < 1 f° r all n > no. 
Hence, 

2I(R Q w n ) = 2I e (■^-Vn) <C!+ o n (l). (2.7) 
On the other hand, 

2I e (RoW n ) = Rl - 2 [ F{R w n )dx = R 2 + o„(l), 

which contradicts (|2.7[) because i?o > is arbitrary. Therefore, we conclude 
that i) does not hold, and consequently ii) occurs. From this, we can define 
w n {x) := w n (x + y„). As (w n ), (w n ) is bounded in H 2 (R N ) as well. Hence, 



7 



there exists w £ H 2 (R N ) such that w n — 1 w in 77 2 (IR W ) along a subsequence. 
Moreover, by iij, w ^ in H 2 (M. N ) and u>(a;) ^ almost everywhere in a subset 
£ of -Bfl(O) with positive measure. Since (J e (w„)) is bounded, we have 



Then, 



1 m f F{v n ) f F(v n ) 2 

-+O n (l)= 7y I dx = — W n< 

2 Jr« \\v n \\i J r n vi 



| + o n (l) = / ^w 2 n dx 



^<dx (21 



F(v n {x + y n )) _ 2 

-w„ ax. 



b r (o) v n {x + y n ) 
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But v n (x + y n ) = \\v n \\ 2 w n (x) — > +oo almost everywhere in S. Then, Fatou's 
Lemma and (/j) imply that 

/• F(« n (x + _ 2 , . 
hmmt / r — w n (x)dx = +oo, 

n ^°° Jb r (o) K( x + yn) 

which contradicts (|2.8|) . and the proof is complete. □ 
The following result establishes the existence of a ground-state solution to 
the corresponding problem to (|1.2[) for the case of a constant potential V. The 
proof can be carried out following the same arguments employed by Rabinowitz 
in pH Theorem 4.23]. 

Lemma 2.3. Suppose that f satisfies (fi) — (/g). Then, there exists a ground- 
state solution to the following problem 



A 2 w + aw = f(w) in R N 
weH 2 (R N ), 



(2.9) 



inf sup J a (7(t)), 
ier a 0<t<1 



at the level 



where I a is the energy functional associated to \2. 9\) and 

r a = { 7 eC»([0,l],JJ 2 (R f, )); 7 (0) = and 7 a ( 7 (l)) < 0}. 



The following result gives us an estimate to the energy level c e , provided e 
is sufficiently small. 

Proposition 2.1. Let cy^ be the minimax energy level associated to \2. 9\) with 
ot = Voq. Then there exists eo > such that c e < cy^, for all e € (0,eo)- 
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Proof. Let w be a solution of (|2.9j) such that iy^ (w) = cy^ . Fix a function 
Xfl 6 C^R^R) such that < xr < 1, Xfl = 1 in B R (0), xr = in 
K A, \Bfl+ 2 (0) and |Vx«| < 1 in B R+2 (0)\S Ji (0). Define v R (x) = X r(x)w(x). 
By (/2) and (/a), for all 77 > there exists A,, > such that \f(s)\ < t]|.s|+A^|s| p . 
Since I' e {tp e (v R )v R )tp e (v R )v R = 0, it follows that 

Vt {v R ) 2 [ (\Av R \ 2 + V e v 2 H )dx < Wt {v R f f v 2 R dx (2.10) 

+ A nVe (v R y +1 



\VR 



p+1 dx. 



For rj = the previous inequality and (V2) imply that 



<Pe(v R )' 



[ (\Av R \ 2 + ^v%) dx < C^{v R Y +1 [ \v R \*> +1 dx. 

JR N \ 1 J JTR N 



Note that there exists i?i > such that for all R > R\, 



v 2 B dx > — 



and 



Br +2 (0) 



Awl 2 + ^w 2 I 



w 2 dx 



Aw\ 2 + ^-w 2 ) 



(2.11) 



(2.12) 



(2.13) 



From (|2.11l) . f|2 . and the definition of v R , it follows that 



\<fe{v R f 



\Aw\ 2 + — w 2 I dx < C<p e (v R ) 



P+i 



lw 



p+1 dx, 



which implies that 



<Pe(v R ) > 



12 1 vb.,,2} 



dx 



Cj KN \w\P+^dx 
Let j R := maxoo Iy x (tv R ) and note that 

1r > Iv x {fc{v R )v R ) = I e (ip e (v R )v R ) + - 



K > 0, Vi? > Ri 



(2.14) 



Bfl+2(0) 



(Voo - V e (x)) ip e {v R ) 2 v 2 R dx, 



which implies that 



1R > C e + 



B R+2 (0) 



{Voo ~ V e (x)) <p e (v R ) V R dx 



(2.15) 



We now verify that j R = cy-^ + tp{R), where tp{R) — > as R — > 00. In fact, 
we observe that j R = I Voo (cp Voo (v R )v R ) = c Voo + I Voo (ip Voo (v R )v R ) - Iv x {w). 
Following [IB], we can prove that tpy^ : H 2 (R N ) — > R + is a continuos function. 
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Since w is a solution of (|2.9[) with a = Voo, it follows that (pv^ (vr)vr — > 
ipv ao (w)w = w as R — > oo. Therefore 

ip(R) = I Voo (ip Vao (v R )) - I Vx , (w) -)■ 0, as i? -> oo. 

Take i?2 > sufficiently large such that 

tp(R) < I (Voo - V(0)) A' 2 / w 2 dx, for all i? > R 2 . (2.16) 

As Voo — V(0) > 0, by the continuity of Voo ~ V(-) in there exists S > such 
that for all e < - F(ex) > ±(Ko - ^(0)) for all x 6 B R+2 {0). Hence, 

(|2.15[) implies that 

1r>c € + \[ (V^ - 7(0)) ^ e (uft) 2 4dz, (2.17) 
4 Jb r+2 (o) 

provided < e < 5/(R + 2). Consequently, if R > i?o := max{i£i, R2}, it 
follows from (J33BJ, ([2TI7|) . (|234]) and (gUg) , that 

CV^ + ^(Foo - l/(0))if 2 / w 2 cfe > c £ + i(Ko - l/(0))if 2 / w 2 dx, 

which implies that c e < , provided < e < 5/(Rq + 2) := eo- D 

Remark 2.1. FFe observe that if the functional I e satisfies the {PS) C condition 
for all c < cy^ , then the proof of Theorem \2.1\ would be complete. In fact, 
combing this condition with the Mountain Pass Theorem, there exists a weak 
nontrivial solution v e of \2. 1\) for every e > sufficiently small. 

The remainder of this section will be devoted to the proof of the following 
result. 

Proposition 2.2. The functional I e satisfies the (PS) C condition for every 
c<c Vao . 

The proof is carried out by a sequence of lemmas. 

Lemma 2.4. Let e > and (u n ) be a (PS) C sequence for I e in E e , such that 
u n — 1 u in E e . The sequence v n := u„ — u is a (PS) a sequence to I e , where 
d = c — I e (u). 

Proof. We first show that I e (v n ) — >• c — I e (u), as n — > 00. In fact, by the weak 
convergence and Brezis-Lieb Lemma (see [1]), it follows that 



I t (v n ) - h(u n ) + I e (u) = 




-Ait| 2 -|Au„| 2 + |Au| 2 



+ V E (x) (\u n - u\ 2 - u 2 n + u 2 )) dx 

- I (F(u n -u)-F(u n ) + F(u))dx 

= (u,u) e - (u n ,u) e + O n (l) 

= o n (l), 
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and I e (v n ) — > c — I e (u), as n — > oo as desired. In order to prove that 
H-'eC^'OII-E* = °n(l), from the weak convergence and the Brezis-Lieb Lemma, 
it follows that 

I' e (v n )(p - I' e (u n )(p = / ((Am,, - Au)A(p - Au n Aip) dx 

V e (x) ((u n - u)tp - u n ip) dx 
(/(«„ -u)ip- f{u„)ip) dx 



= -{u,(p) e + f(u)tpdx + o n (l) 
= I' c (u)tp + o„(l) = 0„(1), 
for every tp 6 E e . Therefore, (v n ) is a (P5) c _/ e ( u ) sequence. □ 

Lemma 2.5. Let e > and 6e a (PS)d sequence to I e in E e . If v n in 

E e and v n in E e , then 



Proof. Let s n > be such that s n v n S A/y^ • We claim that 

limsups„ < 1. (2-18) 

n— ¥oo 

In fact, suppose by contradiction that there exist a subsequence (s n ) and (5 > 
such that 

s„>l + <5, VneN. (2.19) 

Using the facts that I' e (v n )v n = o n (l) and I v (s n v n )s n v n = for all n G N, it 
follows that 

fjwM _ fM) dx = r {Voo _ Vf{x)) <dx + 0n(1) 

From (V2) it follows that for a given rj > 0, there exists R > such that 
V(ex) > Ko - ?7 for all x E R N such that \x\ > Re- 1 . Hence, 

/(«»tfc)t* f(vnK\ dx < , {Voo - Vt {x))vldx 



■u„cb + o„(l). 



By Lemma [2721 and the Sobolev embeddings, it follows that 



f{s n V n ) f( V n)\ v 2 dx ^ vC + 0n{1 y (22Q) 



jjjv y s n v n 
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We now claim that there exist Ri,/3 > and a sequence (y n ) C R such that 



n— ^oo 



liminf / v z n dx > /3. (2.21) 

>B Rl (y n ) 



In fact, on the contrary, for all i?i > 0, 

lim sup / V 1,A X = 0- 
n ^°° y eR N Jb Ri { v ) 

By Lion's Lemma (see [8]), v n — ► as n — > oo in L 9 (M Ar ) for all 2 < g < 2*. 
Since by (/ 2 ) and (/a), for z> > 0, there exists C v > such that |/(s)s| < 
^|s| 2 + C„|s| p+1 , for all s £ R, it follows from Sobolev embeddings that 

0<KII?=/ f(v n )(v n )dx+o n (l) < v [ \v n \ 2 dx+C y ( \v n \ p+1 dx+o n (l). 



This implies that v n — > in E e , which contradicts our assumption. 

Let v n {x) = v n {x + y n ) and note that using the same arguments that in 
Lemma 12.21 one can prove that (v n ) is a bounded sequence in E e . Hence, 
v„ — 1 v in E e along a subsequence. By (|2.21j) . v ^ in a positive measure 
subset A C B Rl (0). Using Fatou's Lemma, (/ 5 ), (j2~T9]) and (f2~20|) it follows 
that 

which is impossible because V77 > is arbitrary. This contradiction proves that 
(12.181) holds. Therefore, we have two cases to consider: 

i) lim s n = s < 1; 

n— >+oo 

ii) lim s n = 1. 

If occurs, then there exists a subsequence (s n ) such that s n — > s < 1. We 
can also consider that s n < 1 for all n£N. From Remark 1 1.1[ it follows that 

- 2.F(s n i>„)) 

< / J (/(«»)«» - 2Jf(«„)) dx 
= / £ (v n ) - 7^K( v n)v n + O n (l) 

= d + o n (l). 

Taking 71 — > 00, we obtain that cy^ < d as required, which is the desired 
conclusion. 
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Suppose that ii) holds. In this case, 

d + o„(l) = I e (v n ) = I Voo {s n v„) + I e (v„) - Iv x (s n v„), 
which implies that 

d + o n (l) = I e (v n ) > c Voa + I e (v n ) - I Voo (s n v n ). (2.22) 
Therefore, it remains to prove that I e (v n ) — Iv^isnVn) = o„(l). Note that 

Ie(v n ) - I Voo (s n v n ) = [ Q^A\Av n \ 2 dx + l f V M<dx (2.23) 

- ^ / V^ldx + f (F{s n v n ) - F(v n )) dx. 
z Jr n Jr n 

Since (w„)is bounded in E e , 

^—^- \^v n \ 2 dx = o n {l). 
For any R > 0, the Sobolev embcddings and the continuity of V imply 

_V e (x)vldx = o„(l) 



B R (0) 



and 

s 2 



I VooV^dx = o„(l) 

Jb r (o) 

Hence, 

h(v n ) - I Voo (s n v n ) > o„(l) + i f V,{x)v 2 n dx- ^ f Voov 2 

1 JB R (oy 1 Jb r (o) 



VocVndx 



+ / (F(s n v n ) -F(v n ))dx. 

JR N 

By (V2), given 77 > there exists R > sufficient large such that 

Ie{v n ) -T Voo (s n v n ) > o„(l) + i/ (Ko - "(])v 2 n dx - ^ [ VooV^dx 

1 JB R {oy 1 Jb r (o) c 



(F(s n v n ) ~ F(v n )) dx, 



which implies that 



I e (v n ) - I Vae (a n Vn) > On(l)+ ^ Sk) / Voovldx-^j V 2 n dx 

1 Jb r (0)" 1 JB r {0)<= 

+ / (F(s n v n ) - F{v n ))dx. 
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Using that (v n ) is bounded and Sobolev embeddings, yields 

h{v n ) - I Voo {s n v n ) >o n (l)-Cr]+ I {F(s n v n )-F(v n ))dx. (2.24) 
By (gUD) and (|2~2"2"j) . we have 



d + o„(l) > cy^ - Cry + o„(l) + / (F(s n v n ) - F(v n )) dx. 

By the mean value theorem, J RN (F(s n v n ) — F(v n )) dx = o„(l). Thus, 

d + o„(l) > c Voo - Cr\ + o„(l) 

and the result follows after passing to the limit n — > oo. □ 
As a consequence of the above lemma, we have: 

Corollary 2.1. If (v n ) is a (PS)d sequence for I e such that v n — 1 and 
d < cvoo , then v n in E e . 

Finally we can proceed with the proof of Propostion l2.2l 

Proof of Proposition [2T2~1 Let (it„) be a (PS) C sequence for I t . By Lemma 
12.21 (u„) is a bounded sequence in E e . Then there exists u £ E e such that 
u n u in E e . If we denote by v n — u n — u, it follows that u„ — 1 in E t . By 
Lemma [2Tl it follows that (v n ) is a (PS)d sequence for I e , where d = c — I e (u). 
Since u is a weak solution of (|2.ip . then I e (u) > c e > and d < c < cy^. By 
Corollary 12. li w„ — > in i? e and proof is complete. □ 
Therefore, Remark 12.11 implies that there exists a nontrivial weak solution 
v e to p.ip for every e > sufficiently small, and Theorem 12.11 follows . 



3 Concentration 

In this section our goal is to prove the concentration phenomenon stated in 
Theorem ll.il Invoking Lemma l2~3l let w 6 H 2 (M. N ) be a ground state solution 
to the problem 

A 2 u + V u = f(u) emR N . ■ 

ueH 2 (R N ), ' {6A) 

We begin by showing the following limit: 



Lemma 3.1. 



lim c e = cvn ■ 

e-S-0 



Proof. Let i\> 6 Cg°(R N ) be such that 0<ip<l,i; = Om R N /B 2 (0), V = 1 
in Bi(0), |V^| < C and |A^| < C in R N . Let us define 



w e (x) = ip(ex)w(x). 



14 



Note that w € — > w in H 2 (R N ) and Iv (w e ) —> Iv { w ) as e — !► where Iy is the 
energy functional associated to (|3.1[) . Let (p e (w e ) be such that ip e (w e )w e E Af e . 
Suppose that <f e (w e ) — )• 1 as e — » 0. Note that 

c e < I e (^ e (w e )w e ) 

= I Vo (Ve(w e )w e ) + - I tp e (w e ) 2 (V e (ex) - V ) w\dx. 

Using the Lebesguc Dominated Theorem, it follows that 

lim sup c e = I Vo (w) = c Vo . 

£->0 

On the other hand, since Iv i v ) < Ie( v ) for all v 6 H 2 (R N ), it follows that 
cv — c f Then 

lim c £ = cy„ . 

It remains to prove that (p e (w e ) 1 as e —t 0. Since I' e (<p e (w e )w e )w e = 0, it 
follows that 

ip e (w e ) (\Aw e \ 2 + V(ex)w 2 ) dx = / f(ip e (w t )w t )w e dx. 
Jr n Jr n 

We claim that (y € (w e )) is bounded. In fact, on the contary, there exists e n — > 
such that (p fii («i e J — > +oo. Let S c R be such that |£| > and w(x) ^ for 
all ieS. Hence, calling Remark ll. 11 it holds for all n £ N that 

2F(<p en (w e Jw e J 



w 2 dx. 



On the other hand, by (f^j and Fatou's Lemma it follows that 

limmf / — r r r^-w dx = +oo, 

which implies that 

||tu e „ L — * as n — > oo, 

which contradicts the fact that w Cn — > iu as n — > oo. 

We can now verify that y e (w e ) as e — > 0. In fact, on the contrary there 
exists e„ — > such that y e „(iUe„) -> as n -> oo. By (/ 2 ) — (/a) one can prove 
that 

f{Ven{ W tn) W eA) W l 



lim / " vr n \ "\ n/ e " tfa; = 0. (3.2) 
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On the other hand, 



1 1 2 



dx (3.3) 



Hence by Q3.2p and (|3.3p . one can see that ||w>e„||e„ — > 0, which contradicts the 
fact that w €n —> w and Iv a (w) = cv > 0. Then there exist a, f3 > such that 

a < ¥> e (w e ) < P- 

Using that w eps u onn — > w in iJ 2 (M JV ) and w is a solution of (|3.1[) . it follows by 
(/ 5 ) that <£ e (tu e ) -)■ 1. □ 
In the following, we consider a sequence (e ra ), with e„ — > as n — > oo, and let 
u tn be a solution of fll.l[) given by Theorem l2.11 Let v n {x) := v tn (x) = u tn (e n x) . 
Similar arguments employed in proof of Lemma 12.21 show that (y n ) is a bounded 
sequence in H 2 (R N ). 

Lemma 3.2. There exists (y n ) C R N and R,(3 > such that 

liminf / v^dx > (i > 0. 

JB R (y n ) 



Proof. Suppose the assertion of the lemma is false. Then by Lemma 1.1 of [8] 
(with q = 2 and p = ), v n ->• in L r (R N ) where 2 < r < 2*. Hence by the 
Lebesgue Dominated Convergence Theorem, we get 

f(v n )v n dx — o„(l) and / F(v n )dx — o„(l). 

Then c £re — > as n — >• oo, which contradicts Lemma 13. II and this contradiction 
proves the lemma. □ 
Define the function w„(x) = v n (x + y n ) = u n (e n x + e n y n ). Note that w n 
satisfies 

A 2 w n + V(e n x + e n y n )w n = /(w n ) in l w 
w n e i/ 2 (R N ), 



(3.4) 



and 



liminf / w 2 g?;e > (3. (3-5) 



Lemma 3.3. The sequence (e„y„) is bounded in 



Proof. Suppose by contradiction that there exists a subsequence (e n y„) such 
that tnVn -4 oo as n 4 oo. Since (w n ) is a bounded sequence, there exists 
w € i? 2 (M w ) such that u>„ w in H 2 (R N ) and w„ w a in L^R^) where 
2 < q < 2* as n — > oo. Note that by (|3.5[) , wo ^ 0. From (V2), one can prove 
that wq satisfies (12.91) with a = Voo- 
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Using (V2), Lemma |3~T1 and Fatou's Lemma, we get 

< Ivoo Oo) - 2 ^ko (^0)^0 
i/(w )w - ^(>o)^ dx 

< liminf / [ -f(w n )w n - F(«; n ) I 



= liminf c £n = cy , 

n— >oo 

which give us a contradiction. 

□ 

Note that by the last result, we can assume that there exists xq £ M. N such 
that e n y„ — s> xq as n — > 00. We can suppose also that w„ wo in H 2 (M. N ) 
where wq 7^ 0. 

Lemma 3.4. The point xo is a global minimum to V . 

Proof. By (|3.4j) and elliptic regularity theory, one can prove that in fact 
w„ — > wo in Cf (M. ) as n — > 00. Then for each x 6 R , Wq satisfies the 
following equation 

A 2 w {x) + V{x )w (x) = f(w (x)). 

Hence, 

(|Aw | 2 + V w$)dx< / (|Aw | 2 + V{x )wl)dx= / f(w )w dx 

and there exists < r < 1 such that two G A/vb > where Nv denotes the Nehari 
manifold associated to (|3.1|) . Fatou's Lemma and Remark 1 1 . 1 1 imply that 



cy = lim c e 

= liminf / [ -f(w n )w n dx - F(w n ) J da; 

- / \7:f{' w o)wodx-F(wo))dx 

> [ ( -f(Tw )TW dx - F(two)) dx 
= I Vo (tw ) > c Vo 
and this implies that r = 1. Therefore u>o € A/vb and 

(|Ai/j | 2 + U(x )w 2 ) da; = / f(w )w dx= / (|Aw | 2 + V w 2 ) dx, 



which implies that V(xq) =Vq. □ 
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Lemma 3.5. w n — s> wo in H 2 (R N ) as n — > oo. 
Proof. By Lemma T3.1[ wc have 

lim I en (v„) = lim c e „ = cy . 

Given v G i/ 2 (M w )\{0}, from (/s), there exists ¥>vb(i>) > such that <py {v)v € 
Nv - Set w n = (pv a (w n )w n . Hence, 



CV < 



< 



(\Aw n \ 2 + V w n )dx- / F(w n )dx 



i / (|Aw„| 2 + y(e„x + e n y„)w 2 ) - / F(w n )dx 



Ie n {fV (w n )Vn) < F n (v n ) 



CV + 0„(1), 



which implies that Iy (w n ) — > cy as n — > oo. 

We now prove that tpv (w n ) — > ¥>o > along a subsequence. We first observe 
that there exists M > such that \<pv ( w n)\ < A/, Vn e N. In fact, since w n -t+ 
there exists 5 > such that ||w„|| ff 2( R jv) > (5 along a subsequence. On the other 
hand, since Iv (w n ) — s- cy and = for all n S N, it is easy to see 

that (w n ) is a bounded sequence in H 2 (M. N ). Then 

\VV (w n )\S < \\(pv (Wn)w n \\ H »(RN) < K 

which implies that 

\vv {w n )\<^-=M, VneN. 
o 

Hence, <pv ( w n) ~ * > 0. We now observe that tpo > 0, otherwise 

H^nlliJ^R*) = \<PV (Wn)\\\w n \\ H2(:R N ) ->• 

as n — > oo, which is impossible. Therefore j5„ = ipo(w n )w n — 1 (/>ow ^ in 
i7 2 (R w ). Therefore, we conclude the lemma from the next result. □ 
In the proof of the next result we use some arguments of Alves and Figueiredo 
found in [2J. 

Lemma 3.6. Let (z n ) C H 2 (R N ) be a sequence such that Iy (z n ) — > cy a as 
n — > oo and z n S A/"v for all n G N. If z n z ^ in H 2 (R N ), then z n — > z in 
H 2 (R N ) along a subsequence. 

Proof. 

By the Ekeland Variational Principle, we can assume that (z n ) is a (PS) CVo 
sequence for Iy in H 2 (R N ). Then it is possible to show that I v (z) = which 
implies that z £ Afv ■ 
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Using Remark 1 1.1 1 and Fatou's Lemma, it follows that 
cv = lim 

n— >oo 



2 f(z n )z n ~ F(z n ) ) dx + o„(l) 



> J RN [^f(z)z~F( z yjdx 
= !v a (z) 

> CV , 

which implies that 

I Vo {z) = c Vo . (3.6) 

Let v n = z n — z and note that by Brezis-Lieb Lemma, (v n ) is (PS)d sequence 
for Jy where d = cy — /v (z) = 0. Note that v n — ^ in H 2 (TSt N ) and we claim 
that in fact w„ -)■ in ^(M^). On the contrary, if v n -t* in iJ 2 (R Ar ), we 
can use the same arguments than in Lemma 12.51 to prove that (v n ) is a (PS)d 
sequence to Iy a for d > cy > 0. But this contradicts the fact that (v n ) is a 
(PS)q sequence and this contradiction proves the lemma. □ 

Combing Lemma 13.51 with the Sobolev embeddings, it follows that w n — > w 
in L 2 *(M. N ) as n — > oo. Therefore, we obtain 

/ \w n \ 2 *dx — » as R y oo uniformly in n. (3-7) 

Jb° r (o) 

Lemma 3.7. w n (x) — > as \x\ — » oo, uniformly in n. 

Proof. By the uniform L°° estimates to solutions of subcritical biharmonic 
equations given by Ramos in [13] , we have 

||tMi°°(R*r) ^ C > Vn e N > 

where C is independent of n. Given any x 6 M. N , the function w„ G L q {Bi(x)) 
for all g > 1. By (TJ Theorem 7.1] it follows that 

\\ w n\\w i -i(B 1 (x)) < C {\\f{w n )\\Li{B 2 {x)) + || L«(B 2 (x))) 

< C\\w k \\ Lq{B2{x)) 



I 2, 



< C IMIi~(R*)IKII.E>.(B 2 (*)) 
| 2, 



C|kfc| |2 * 



with C > being a constant independent of x and n. If g > AT, we have the 
continuous imbedding W 4 ' q (B 1 (x)) ^ C 3 - a (B 1 (x)) for a £ f 0, 1 - Then 



By (|3.7[) . it follows that |iu n (x)| — >■ as |x| — > oo uniformly in n. □ 
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In order to prove the concentration behavior of solutions, we claim that there 
exists p > such that H^nlU^R^) = ||tUn||£<*>(RN) > p, for all n 6 N along a 
subsequence. In fact, if Hu^Hl^r^) — > 0, since for all n > there exists A„ > 
such that \f(s)s\ < r]\s\ 2 + A n \s\ p+1 , for all s € R, it follows that 



IWIjWR") < C / (|Aw„| 2 + V(e n a; + e n y n )w n ) dx 

JR« 

= C f(w n )w n dx 

JR™ 

< C (^IknU^^iV) + ^r,|K||^+ 1(RN) ) . 

In particular, for < rj < 1/2, we have 

I U, "IIh 2 (R n ) — ^?JI W «IIl~(RN) ll^rillj^RN) — ► 

Hence, if ||w n ||i / =o(RN) — > 0, then ||ui„||^ 2 ( R jv) — > as n — > oo, which contradicts 
the fact that w n ^ w and w ^ 0. 

Let i„ be the maximum point of \u n \ in R w . Then 

•En ^nUn 
Pn ■= 



is the maximum point of \w n \. By Lemma 13.71 there exists Rq > such that 
Pn £ -B^ (0) for all sufficiently large n. Then, along a subsequence p n —> po as 
n — >• oo. Hence 

i'n = £nPn + £ri2M #0 as 71 Y OO, 

which proves Theorem ll.il 
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